ABSTRACT Feedback shift registers can be applied to the fields of communications, stream ciphers, computers, and design theory. The linear feedback shift registers are often used in the construction of De Bruijn sequences. For any given linear shift register, its cycle structure and adjacency graphs are features that must be investigated in the construction of the De Bruijn sequences by using the cycle-joining method. A class of linear feedback shift registers is discussed in this paper. The cycle structure of some linear feedback shift registers is derived. And the adjacency graphs are divided into two categories to analyze their structure in detail. Based on this kind of linear feedback shift registers combined with the cycle-joining method, a novel family of De Bruijn cycles is obtained. The number of the corresponding De Bruijn cycles produced is also proposed exactly.
I. INTRODUCTION
An n-order De Bruijn sequence is a binary sequence in which each possible binary n-length vector occurs exactly once in one period. De Bruijn sequence has been an object of study since the time they were discovered [6] , [9] , [11] - [13] , [25] , [26] . An n-stage feedback shift register is a collection of n storage devices governed by a clock. A linear feedback shift register (LFSR) is a feedback shift register whose feedback function is a linear function. Owing to LFSRs relatively low implementation cost, they have attracted a great deal of attention for its research in modern communications and cryptography systems [14] - [16] , [19] - [23] .
Feedback shift registers have been extensively studied [1] , [4] , [5] , [9] , [10] . A number of ways to construct De Bruijn sequences have been proposed, such as cycle-joining method, recursive construction, D-morphism, cross-joining method and so on. Nonsingular LFSRs can be applied in constructing De Bruijn cycles by cycle-joining method [4] , [5] . The application of this approach requires full knowledge of cycle structure and adjacency graph of the original LFSRs.
Cycle structure of state diagrams of a given nonsingular LFSR is an important characteristic. Some LFSRs have special cycle structure. The cycle structure of some given LFSRs have been studied. For a primitive polynomial p(x), Mykkeltveit et al. [7] have characterized the cycle structure of LFSRs with characteristic polynomials (x + 1)p(x). The cycle structure of the LFSRs with characteristic polynomials (x + 1) 2 p(x) have been obtained by Hemmati [8] . In 2014, the cycle structure and adjacency graphs of the LFSRs with characteristic polynomial (x + 1) 3 p(x) have been determined recursively. In [11] , the adjacency graphs of the LFSRs with characteristic polynomial (x + 1) n have been studied.
Hauge and Helleseth [12] linked the construction of De Bruijn sequences with the cyclotomic numbers of the corresponding characteristic polynomial. For the determination of adjacency graphs, this connection brings powerful research tools. In order to determine the adjacency graph, some of the properties of the cyclotomic numbers are used. Last few years, several developments have also been made [17] , [18] , [24] . In cryptography, constructing a new family De Bruijn sequences is always a challenging task.
The goal of this paper is to describe the cycle structure and adjacency graphs for a class of LFSRs with characteristic polynomials f (x) = (x 2 + x + 1) 2 p(x), where p(x) is a primitive polynomial of degree n over GF (2) and n > 2.
The adjacency graphs of these LFSRs are divided into two cases to discuss. Based on these LFSRs, a new class of De Bruijn cycles is constructed. And the number of De Bruijn cycles obtained is also discussed.
The remainder of this paper is organized as follows. In Section II, some necessary concepts and related conclusions are introduced. In Section III, a detailed analysis of the cycle structure of such nonsingular LFSRs is given. In Section IV, the adjacency graphs of these LFSRs are discussed through classification. In Section V, the number of De Bruijn cycles obtained is given. Section VI gives the conclusions and future directions of research.
II. PRELIMINARIES
Let GF (2) 
A circuit consisted of n consecutive binary memory units and regulated by a single clock pulse is called an n-stage feedback shift register. The element of each memory unit is the stage of the feedback shift register, and n successive stages form a state of the feedback shift register. In fact, a state of an feedback shift register can be regarded as an n-tuples vector, i.e., (x 1 , x 2 , . . . , x n ) ∈ GF(2) n , where x i is the element of the i-stage memory unit. A 1 = (a 1 , a 2 , . . . , a n ) is called the initial state of the feedback shift register. After each pulse,
is the feedback function of the feedback shift register.
A feedback function F(x 1 , x 2 , . . . , x n ) can induce a next state operation as,
The resulting sequence after applying a continuous pulse is referred to as an output sequence a = (a 1 , a 2 , a 3 , . . .) of the feedback shift register. Therefore, the output sequence a = (a 1 , a 2 , a 3 , . . .) satisfies the recurrence relation,
. . , a n ) is the given initial state. When the initial state takes each n-length vector, the set of all output sequences generated by F(x 1 , x 2 , . . . , x n ) is denoted as (F). Any n consecutive term (a i , a i+1 , . . . , a i+n−1 ) of the sequence in (F) is a state of the feedback shift register.
When the feedback function of the n-stage feedback shift register is a linear function, the feedback shift register is called an n-stage linear feedback shift register (LFSR). The output sequences of an LFSR are called LFSR sequences. Given an n-stage LFSR, its feedback function is F(x 1 , x 2 , . . . , x n ) = c 1 x 1 + c 2 x 2 + . . . + c n x n . We can get a univariate polynomial f (x) as its corresponding characteristic polynomial,
Given an LFSR with feedback function F(x 1 , x 2 , . . . , x n ), its characteristic polynomial is f (x). We also use (f (x)) to represent (F).
For a fixed sequence a, there are many polynomials that can be used as its characteristic polynomials. The monic characteristic polynomial with the lowest degree is called its minimal polynomial.
Let V(GF(2)) be the set consisting of all infinite sequences a = (a 1 , a 2 , a 3 , . . .), where a i ∈ GF (2) . For a = (a 1 , a 2 , a 3 , . . .) ∈ V(GF(2)), The shift operator L on V(GF(2)) can be defined as
Generally, we have L m a = (a m+1 , a m+2 , a m+3 , . . .) for any integer m ≥ 1, and denote L 0 a = a. For each sequence a = (a 1 , a 2 , a 3 , . . .) ∈ V(GF(2)), if there exists a positive integer r such that L r a = a, then a is called a periodic sequence. The smallest positive r 0 integer that satisfies L r 0 a = a is referred to as the period of a. And it is denoted by per(a). We use (a 1 , a 2 , . . . , a r ) to denote the periodic sequence a = (a 1 , a 2 , a 3 , . . .) with period r. Specially, the shift operator L for periodic sequences can also be defined similarly. For a periodic sequence a = (a 1 , a 2 , a 3 
where F 1 is a function from GF(2) n−1 to GF (2) . The LFSRs with characteristic polynomial f (x) = (x 2 + x + 1) 2 p(x) discussed in this paper are obviously nonsingular.
For an n-stage LFSR with the characteristic polynomial
where L is the shift operator. If Y n → W n is an arc from Y n to W n , we say that Y n leads to W n . Also, we say Y n is a predecessor of W n , and W n is the successor of Y n . We also say that the vertex Y n is the tail of the arc Y n → W n , and the vertex W n is its head. In particular, if Y n is a predecessor of Y n , then the state diagram has a loop at Y n . For any given n-length vector Y n , there are two possible predecessors for Y n , and Y n also has two possible successors. When the feedback function of an n-stage feedback shift register is given, each state has only a unique successor in the state diagram G(f (x)). x) ), and the union of these equivalence classes is called the cycle structure of the feedback shift register. For a fixed nonsingular LFSR, the cycle structure of the feedback shift register with the characteristic polynomial f (x) can be expressed as
If the state diagram G(f (x)) has only s cycles denoted by
For an n-stage feedback shift register, the maximum length of cycles is 2 n in the state diagram. In this case, the n-stage maximum length of cycle is an n-order De Bruijn cycle. All output sequences of the n-stage maximum-length feedback shift register are De Bruijn sequences of order n.
For a fixed n-stage LFSR, the maximum length of cycle is 2 n − 1 in the state diagram [4] . If per(a) = 2 n − 1, then the sequence a is called m-sequence of order n.
For a state Y n = (y 1 , y 2 , . . . , y n ), its conjugate Y n and companion Y n can be defined as
Y n and Y n constitute a conjugate pair. Two states Y n and Y n form a companion pair. Given an n-length vector Y n = (y 1 , y 2 , . . . , y n ), its two possible predecessors form a conjugate pair, and its two possible successors form a companion pair.
Some of the characteristics of the cycle structure of LFSRs are given, which will be used in later sections.
Let (2)) and c ∈ GF (2) . The addition a + b and scalar multiplication ca can be defined on V(GF(2)) as follows:
where both a i + b i and ca i are operations on GF (2) . When f (x) is given, then (f (x)) is a vector space over GF (2) with the two operations in (1) .
be two nonzero monic polynomials, the following conclusions hold.
is a binary m-sequence of order n, then there is an integer k with
The cycle-joining method is that two adjacent cycles C 1 and C 2 are joined into a single cycle by interchanging the successors of Y n and Y n when the state Y n is in C 1 while its conjugate Y n is in C 2 . So for a nonsingular feedback shift register, in order to find the conjugate pairs in the state diagram, the conception of the adjacency graph is proposed.
Given a characteristic polynomial f (x) for an n-stage nonsingular LFSR, its adjacency graph is an undirected weighted graph with a set of vertices correspond to the cycles C 1 , C 2 , . . . , C s in G(f (x)). Two distinct cycles C i and C j are adjacent if they are disjoint and there exists a state Y n in C i whose conjugate Y n is in C j , where 1 ≤ i, j ≤ s. An edge between C i and C j is denoted as C i←→ C j for i = j. And we say that the edge C i←→ C j is incident to C i and C j . When two cycles share n i,j conjugate pairs, it is convenient to denote them by an edge labeled with an integer n i,j (n i,j > 2), i.e., C i n i,j ←→ C j . The weighted graph obtained in this way is called the adjacency graph of the nonsingular LFSR with the characteristic polynomials f (x) and denoted by G(f (x)). Two adjacent cycles can be connected in a cycle with the cycle-joining method by interchanging their successors Y n = (y 1 , y 2 , . . . , y n ) and Y n = (y 1 + 1, y 2 , . . . , y n ). Obviously, the number of vertices of G(f (x)) is s. For any nonsingular n-stage LFSRs, its adjacency graph must be a connected graph. In other words, a De Bruijn cycle can always be obtained with the cycle-joining method. If each state Y n is in C, and its conjugate Y n is also in C, then C is a De Bruijn cycle.
Let GF(2 n ) be a finite field with 2 n elements, and let α be a primitive element of GF (2 n 
},
Because M is a permutation over
Note that 3 is a divisor of 2 n − 1 for an even n. Thus, the 3-order cyclotomic numbers have been determined. The cyclotomic numbers of order 3 are given in Lemma 4.
Lemma 4 [12] : The 3-order cyclotomic numbers are given by
where
,
III. CYCLE STRUCTURE OF THESE LFSRS
Let f (x) = (x 2 +x +1) 2 p(x) be a polynomial of degree n over GF (2) , where p(x) is a primitive polynomial of degree n over GF (2) and n is a positive integer with n > 2. Then we have n = n +4. The cycle structure G(f (x)) of a given (n +4)-stage LFSR with characteristic polynomial f (x) = (x 2 +x +1) 2 p(x) is completely determined in this section.
Theorem 1: For a given LFSR with characteristic polynomial f (x) = (x 2 +x +1) 2 p(x), then its cycle structure is given as follows.
(i) If n is odd, we have
is a primitive polynomial of degree n over GF (2) and n be a positive integer with n > 2, then we have p(x) (x 2 + x + 1) and gcd(p(x), (
By Lemma 2, each sequence in (f (x)) must be written in the form of
where a ∈ {0, u 1 , u 2 , u 3 } and b ∈ {0, v}. According to a and b take different sequences, the cycle structure is divided into two cases to discuss. I) Either a = 0 or b = 0. By Lemma 1, this is obvious
x If a = u 1 and b = v,
Let k = i − j (mod3). When i traverses {0, 1, 2}, and j
Let h = i−j (mod6). When i traverses {0, 1, 2, 3, 4, 5}, and j traverses {0, 1, . . . , 2 n − 2}, h traverses {0, 1, 2, 3, 4, 5}. Based on the parity of the value of n , the discussion is divided into two sub-cases. i) If n is odd, then 2 n −1 ≡ 1(mod 3). By Lemma 1, then per(L k u 1 
For u 3 , we can obtain the same result. Therefore, only three cycles [
This is a contradiction. 
In Theorem 1, u 1 Example 1: Let n = 3, we take a primitive polynomial 0, 0, 1, 1, 1, 1, 0, 1, 0, 1, 1, 0, 0, 1) is an m-sequence of order 4 in (x 4 + x 3 + 1). 1, 1, 0, 0, 0, 1, 0, 1, 1, 1, 0, 1, 1, 1, 1],  L 2 u 1 + v ∈ [1, 0, 1, 0, 1, 0, 0, 0, 0, 1, 1, 0, 1, 0, 1, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 0, 1, 1, 1, 0 
By Theorem 1, then we have G((x
2 + x + 1) 2 (x 3 + x 2 + 1)) = [0] ∪ [u 1 ] ∪ [u 2 ] ∪ [u 3 ] ∪ [v] ∪[u 1 + v] ∪ [u 2 + v] ∪ [u 3 + v], where                                      u 1 ∈ [0, 1, 1], u 2 ∈ [0,
2 + x + 1) 2 (x 4 + x 3 + 1)) = [0] ∪ [u 1 ] ∪ [u 2 ] ∪ [u 3 ] ∪ [v] 2 i=0 [L i u 1 + v] 2 i=0 [L i u 2 + v] 2 i=0 [L i u 3 + v], where                                                                              u 1 ∈ [0, 1, 1], u 2 ∈ [0, 0, 0, 1, 0, 1], u 3 ∈ [0, 0, 1, 1, 1, 1], u 1 + v ∈ [0, 1, 1, 1, 0, 0, 1, 1, 0, 0, 0, 0, 0, 1, 0], Lu 1 + v ∈ [
IV. ADJACENCY GRAPH OF THESE LFSRS
The adjacency graphs G(f (x)) of the (n + 4)-stage LFSRs with characteristic polynomials f (x) = (x 2 + x + 1) 2 p(x) will be determined in this section. To this end, one valuable lemma is given below. All we have to do is calculate the number of conjugate states between the cycles in G(f (x)). We divide this problem into two cases to study.
Lemma 5 [18] : Let f (x) be a polynomial in GF (2) [x], f 1 (x)|f (x), and deg(f 1 
It is an important technique in this paper to compute the number of conjugate pairs, as shown below. Let 
This is a rule to find conjugate pairs between the cycles in the state diagram G(f (x)). Figure 1 .
Theorem 2: For a given LFSR with characteristic polynomial f
(x) = (x 2 + x + 1) 2 p
(x). If n is odd, then its adjacency graph G(f (x)) is shown in
Proof: For odd n , the cycle structure is determined in Theorem 1. To describe its adjacency graph G(f (x)), all we need to do is to investigate the conjugate pairs between any two cycles one by one.
The 
We assume that u a + L ω u b is the sequence that satisfies u a + L ω u b is a shift of u a .
When ω traverses {0, 1, . . . , per(u b +v)−1}, then 2(Z −1) many ω's are satisfy that u a + L ω u b is a shift of u a . So there Figure 1 shows its adjacency graph G(f (x)). Table 1 lists the number of conjugate pairs between any two cycles in G(f (x)). TABLE 1. Number of conjugate pairs, m, between two cycles in G(f (x)) with Z = 2 n − 1 for odd n ≥ 3.
In Theorem 2, we use [u a + v] to indicate the cycle containing the state 0 n . That is, if the characteristic polynomial f (x) is given, then a is a particular value. Figure 2 . Table 2 
Theorem 3: For a given LFSR with characteristic polynomial f
(x) = (x 2 +x +1) 2 p
(x). If n is even, then the adjacency graph G(f (x)) is shown in

lists the number of conjugate pairs between any two cycles in G(f (x)).
Proof: For even n , the cycle structure is determined in Theorem 1. After to look into the conjugate pairs between any two cycles one by one, then its adjacency graph G(f (x)) can be obtained.
, where {a, b, c} is a permutation of {1, 2, 3} and {α, β, γ } is a permutation of {0, 1, 2}.
Let
There is no conjugate pair between two distinct cycles both in G 1 by Lemma 5. In the case of one cycle in G(f (x))/[0] and another cycle in G 1 , we can find the number of conjugate pairs between any two cycles by using (15) .
For example, we consider the equation 
and h ≡ j − ζ (mod d t ), (16) where h = M (k), and
Because of per(u 1 ) = 3, per(u 2 ) = 6 and per(u 3 ) = 6, we can always get d s = d t = 3. From (8) and (16), we get
and 
and
where Table 2 lists the number of conjugate pairs between any two cycles in G(f (x)). Due to the large number of vertices and edges of its adjacency graph, and some numbers of conjugate pairs between two cycles in the state diagram are large relatively, we do not mark the weights in the adjacency graph. Thus, G(f (x)) is shown in Figure 2 .
In Theorem 3, we use [L α u a + v] to represent the cycle containing the state 0 n , and use [L β u b + v] to refer to another specific cycle that adjacent to the cycle [0, 1, 1].
V. A NEW CLASS OF DE BRUIJN CYCLES
In [4] , the principle of the cycle-joining method has been described. On the basis of LFSRs with characteristic polynomial f (x) = ( G(f (x) ).
Multiply the determinant of the sub-matrix obtained from deleting the i-th row and j-th column of M by the number (−1) i+j , then we get the cofactor M (i, j) of the entry m i,j in M . The set of all primitive polynomials over GF (2) of degree n is denoted as P n . (19) , as shown at the top of the next page and φ is the Euler's phi-function.
Proof: There is a similar proof to Theorem 4. After calculating the cofactor of any entry of M , the number of De Bruijn cycles obtained by the cycle-joining method can be found.
Let n be even, we have M is given in (20) , as shown at the top of the next page and cofactor M (2, 2) is showed in (21) , as shown at the top of the next page. Since the number of rows of the determinant M (2, 2) is 12, and the number of non-zero elements in the determinant is also quite large. We can obtain the number of spanning trees N (n ) which is expressed by a very long formula for calculating. The conclusion has been obtained. 
VI. CONCLUSION
In order to obtain De Bruijn sequence from some LFSRs, their cycle structure and adjacency graphs are indispensable features. The cycle structure of a family of nonsingular LFSRs are determined in this paper. Their adjacency graphs are also given. Based on these nonsingular LFSRs through cyclejoining method, a new family of De Bruijn cycles is proposed. Using powerful tools from finite fields, the descriptions of cycle structure and adjacency graphs of some LFSRs with characteristic polynomials p(x) k are great challenges in the future.
